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The tape is divided into finitely many cells. Each cell
contains a symbol in an alphabet 2.



The stack head always scans the top
symbol of the stack. It performs two
\ basic operations:

Push: add a new symbol at the top.

Pop: read and remove the top symbol.

Alphabet of stack symbols: [



The head scans at a cell on the tape and can read a
symbol on the cell. In each move, the head can move to
the right cell.



o The finite control has finitely many states which form a set
Q. For each move, the state is changed according to the
evaluation of a transition function

0:Qx(2U{eh)x(TU{e}) — 2

Qx (U {e})
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(p,u) €0(g, a, v) means that if the tape head
reads a, the stack head read v, and the finite
control is in the state ¢, then one of possible
moves Is that the next state Is p, v is replaced by
u at stack, and the tape head moves one cell to

the right.
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o(p, u) €06(g, &, v) means that this a e-move.




(p, u) €0(q, a, £) means that a push operation
performs at stack.



(p, £) €0(q, a, v) means that a pop operation
performs at stack
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There are some special states: an initial state s and a final
set F of final states.

Initially, the PDA is in the initial state s and the head scans

the leftmost cell. The tape holds an input string. The stack
IS empty.
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When the head gets off the tape, the PDA stops. An input

string x Is accepted by the PDA if the PDA stops at a final
state and the stack is empty.

Otherwise, the input string Is rejected.




The PDA can be represented by
M=(Q,2,I,0,s, F)

where 2 is the alphabet of input symbols and /' is the
alphabet of stack symbols.

The set of all strings accepted by a PDA M is denoted by

L(M). We also say that the language L(M) is accepted by
M.



The transition diagram of a PDA Is an alternative
way to represent the PDA.

ForM = (Q, 2, [, 0, s, F), the transition diagram
of M is an edge-labeled digraph G=(V, E)
satisfying the following:

V:Q(s:@,f: © forf € F)

E={q avu_ p| (p,u)eo(q, a, V) }




Example 1. Construct PDA to accept
L={0"1" | n > 0}

Solution 1.

0, €/0 1, O/¢




Solution 2.

Consider a CFG
G = ({S}, {0,1}, {S — €| 0S1}, S).

£, S/1
e, €IS

@ =@ o £, €IS

£
£, Sle X

0, O/¢
1, 1/¢




Theorem Every CFL can be accepted by a PDA.

Proof. Considera CFL L =L(G) fora CFG
G=(V,2,R,Y9S).

£ AlX, A—-XiXe .. X INR
£, €IS
0@
£, €/Xa

a, alsforain 2

Theorem

A language L is CFL < it can be accepted by a PDA.



Sometimes, constructing the PDA Is easier than
constructing CFG.




Example 2

Show that {x e{a,b}| #, (x) <#. (X) < 2#, (X)} isa CFL

Construct a PDA or a CFG?

PDAIl

Sometimes, constructing the PDA Is easier than
constructing CFG.
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Tocheck If #,(x) <#_ (x) < 2#, (X), we need tocancel a withb.
For each b, we need to cancel sometimes one a and sometimes
twoa. Do we need to make a deterministic choice at each
cancellation? No, theconcept of nondeterministic computation
solves this trouble : Aslong as a correct choice exists, theinput
string X would be accepted!
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(0, 8) € o(p, &, s)
(P, @) €0(q, & ¢

a,s/s

e
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(a1, ae o(p, &, a)
(p,a) € 0(q1, ¢, €)

a,ala

e
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(P, €) € o(p, a, b)




@ a,b/b
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(b, b)e o(p, a, b)
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(P, £) € o(p, a, b)
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(rl, s)e O(p, b, s)
(p, b) € 9(r1, ¢, €)

b,s/s

e
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(r2, b)e o(p, b, b)
(p, b) €9(r2, ¢ ¢€)

b,b/b

e
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(r3, b’) € &(p, b, b’)
(p, b) € 0(r3, ¢, €)

b,b'/b'

L
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(P, €) € o(p, b, a)
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(t, &) € O(p, b, a) (p, €) € O(t, €, a)
b,al¢
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(t, €) € 6(p, b,a) (u,x)€d(t & x) (p, b)E (U, €, €)

b,al¢

g2z
Z#*a
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(P, €) € o(p, &, S)
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a,ble
a,b/b'

a,b'/e
g, &ls a,zlz

G

g ela

b,ale

@8,8/6‘



Example 3
Construct PDAaccepting {x e{a,b}| #, (x) <#, (X) <2#_ (x)}.

|dea

Tohave #, (Xx) <#,(X), we must have a b which cancel twoa's.
Let thefirst b do the job.






Example 4
Construct PDAaccepting {x e{a,b}| #, (x) <#, (X) <2#, (X)}.

|dea

Tohave #, (x) < 2#, (X), we must have a b which cancel one a.
Let thefirst b do the job.
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Solution aDie
a,b/b’ a,2/1

a,b'/ X zzbb
£,6ls a,b/e j& a,z/z
~() W g,ela
b,ale

g, ela
@8,8/6‘
b,ale

ba/g b,z/z

b,z/z

Z-‘/—'a

g, elb




